Limits, Continuity & Derivability

ILimits, Continuity & Derivability

Calculus required continuity, and continuity was supposed to require the infinitely little; But nobody could discover what the infinitely little
might be............ Russell, Bertrand

Definition : Limit of a function f(x) is said to exist, as x - a when,

¢tim f(a—h) = ¢im f(a+h)=Finite
h—0 h—0"

(Left hand limit) (Right hand limit)

Note that we are not interested in knowing about what happens at x = a. Also note that if L.H.L. &
R.H.L. are both tending towards 'o0' or ‘—o0’, then it is said to be infinite limit.

Remember, ‘x — a’ means that x is approaching to ‘a’ but not equal to ‘a’.

Fundamental theorems on limits :
Let ¢im f(x) =and ¢im g(x) =m. If / & m are finite, then:

X—a

(A) fm {f(x)£g(x)} =1 tm
(B) fim {f(x). g(x) }=/£.m

© ‘im i) = ﬁ, provided m #0
x>a g (x) m

(D) ¢im kf(x) =k ¢im f(x) = k¢; where k is a constant.

X—a

(E) tim f(g(x)) = f (eim g (x)) = f(m); provided f is continuous at g (x) = m.

X—a X —a

Example # 1 : Evaluate the following limits : -
0] fin; x+2) (i) fing cos (sin x)

Solution : (i) x + 2 being a polynomial in ¥, its limit as X — 2 is given by(irr; x+2)=2+2=4
(i) Eirrg €os (sin x) = cos (€irr013inx) =cos0=1

Self practice problems

Evaluate the following limits : -

(1) élﬂ; X(x—1) (2) 4im
Ans. (1) 2 (2) 2

Indeterminate forms :
If on putting x = a in f(x), any one of % 3, 0 X 00, 00 — 00, o0°, 0°, 1* form is obtained, then the limit
o0
has an indeterminate form. All the above forms are interchangeable, i.e. we can change one form to
other by suitable substitutions etc.
In such cases /im f(x) may exist.
X—a
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Limits, Continuity & Derivability

x> -4

Consider f(x) = . Here fin; x?—4=0and fin; Xx-2=0

X—2

Zim f(x) has an indeterminate form of the type %

. nx . .
fim nx has an indeterminate form of type .
X

X—0

Eirrg (1 + x)¥xis an indeterminate form of the type 1~

NOTE :

0] 00 + 00 = 00

(i) 00 X 00 = 00

(i) 8 -0, ifais finite.
o0

(iv) is not defined for any a € R.
X . . X% . .

(v) ﬁmg — is an indeterminate form whereas fmg 5= Is not an indeterminate form
X—>! X X—>! X

(where [.] represents greatest integer function) Students may remember these forms along with

, . . tending to zero . . .
the prefix ‘tending to’ i.e. 9 is an indeterminate form where as

tending to zero

exactly zero

- is not an indeterminate form, its value is zero.
tending to zero

Similarly (tending to one)erdns © = js jndeterminate form whereas (exactly one)endns © = s npot an
indeterminate form, its value is one.

To evaluate a limit, we must always put the value where 'x" is approaching to in the function. If we get a
determinate form, then that value becomes the limit otherwise if an indeterminate form comes, we have
to remove the indeterminancy, once the indeterminancy is removed the limit can be evaluated by
putting the value of x, where it is approaching.

Methods of removing indeterminancy
Basic methods of removing indeterminancy are

(A) Factorisation (B) Rationalisation
© Using standard limits (D) Substitution
(E) Expansion of functions.

Factorisation method : -
We can cancel out the factors which are leading to indeterminancy and find the limit of the remaining
expression.

2_ —
Example#2  /im w
x=3  X°—4x+3

2 - - —
Solution : /im w = gim X=3G+D
x=>3  X° —4Xx+3 x—3 (X_3)(X_1)

Rationalisation method :-

We can rationalise the irrational expression in numerator or denominator or in both to remove the
indeterminancy.

Example # 3: Evaluate :

(i) fim S-8x+1 (ii) fim X
-l 5 \24x +1 x>0 14+ x —1-x
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(9-8x-1)(5+24x+1)

Solution : (i) fim 3N+ im o
1 5-y24x+1 7 (34Bx+1)(25-24x-1) 9
(ii) The form of the given limitis when x — 0. Rationalising the
numerator, we get
sim X — sim X 5 1+X ++1-x
oL 1+ X ==X 0 [ 14X —f1-X  J1+X +41-X

— i X (V1+X +1—x) — im X (N1+X ++1-x) — i 1+ X ++/1-x _ Ezl
x—1 (1+ X) — (1_ X) x—1 2X x—1 2 2
Self practice problems
Evaluate the following limits : -
_(ci 1/3 [ _
3) g S (@) gim XX =X W
X2 1-(sinx) h—0 h
(5) /im —"X_E_ qza—b (6) gim L
x—a X°—a x—0 M__\/;_\/;
1 1 1
Ans. (3) = 4) — (5) ——— (6) 0
2 2Jx 4aJa-b
Standard limits :
(a) () €irro1 SInX - €irro1 fanx _ 1 [ Where x is measured in radians ]
X—> X X—> X
-1 P
@y im BUX o gy SN Xy
x—0 X x—0 X
1 . 1
(iii) bm @+x)* =e ;0 (@rax)<=e
(iv) /im (1+1j =e ; fim {im (1+9j =e°
Xx—0 X Xx—0 X
(v) im &1 =4 - tim & -1 =loga=/na ,a>0
Xx—0 X Xx—0 X
Xx—0 X
wi)  m X =& =pan-e
X—a X_a
(b) If f(x) > 0, when x — a, then
Q) fim SO _ g (i) fim cos f(x) = 1
x—a f(X) x—a
f(x) _
iy cim 20100 _ iv) fim &1 =1
X—a f(x) X— a f(x)
) _
(v) fim b 1 /nb, (b>0) (vi) ¢im A+ _ 1
x>a  f(x) x—a f(x)

(vii) fim A+f(x) ™ =e

() fim f(x) = A >0 and /im ¢(x) = B(a finite quantity), then im [f(x)]* = A®.

X—a
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Example #4: Evaluate : /im A+x)7-1
X—> X
Solution : gim A =1y @71
x—0 X x—a (1+X)—1
X —
Example #5: Evaluate : /im
x—0 2X -1
X _ X _
Solution : fim -1 Zim 3 1.L: n3
x>0 2X_1 x>0 x 2% -1 (n2
X
Example # 6 : Evaluate : Eirr(} ﬂ
X—> X
3sin3—x i
Solution : gim 126053 _ yim L 2|98
x—0 XZ x-0 2 37X 2
2
. sin? x
Example # 7. Evaluate : /im ——
x>0 sin4x.tanx
[ sinx 2
sin? x 1 x 1
Solution : /im —— =/im - = =
x>0 sindx.tanx ~ x-0 (sm4x](tanxj 4
4x — |X
4x X
Example # 8 : Evaluate : /im (1 + 2x)*
x—0
. . /;img.x
Solution : fim (1 + 2x)¥*= ex°x =eg2
x—0
Example #9: Evaluate :
X_ Yy X _
(i) im &= (i ¢im X =Y
x>y X-Y x>0 1—COSX
X _aY Y(aXy _
Solution : @) ¢im € - - ¢im e’ - e
Xy X-Y X—Yy X-Yy
X X _ X _ 2
(i) ¢im X’ -1 = (im X -1 i) =3.fin01 e-1 X —|=2
=0 1-cosx x> 25in2E 2 x> X sinzE

Self practice problems
Evaluate the following limits : -

. H . 8 2 2 2 2
(7) ‘im sin7x (8) lim — 1—cosx——cos—+cos—cos—

x>0 3X x>0 X 2 4 2 4
@  ¢im YLZVSIn2x 10)  fim > =2

X% T —4X x>0 X

(11) fim (1 +a?<sin ———,where a=0
X0 1+a’)

1 . 5
— 9 does not exist (10 /m — 11 b
2 9) (10) 5 (11)
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Use of substitution in solving limit problems

Sometimes in solving limit problem we convert /im f(x) into gm;n f(a + h) or ﬁm;n f(a — h) according as

X—a

need of the problem. (here h is approaching to zero.)

COSX —Ssinx

Example # 10 : Evaluate : (im
X7 cosx(\/E—ZSinx)

L . COSX —sinXx . 1 1-tanx T
Solution : fim =AM = ——F— Put X=—+h
X7 cosx(\/E—ZSinx) X% \E 1—\ﬁsmx 4
x5 X = ho0
4
1—tan [®4n 1_1+tan h —2tan h
4 _ .1 1-tan h _ .1 1-tan h

fim — = /im — . =
o 2 1—«/§sin(2+hj "> y2 1-sin h-cos h o 2 25in22—25ingcosg

tanh
yn L -2tanh 1 i h 1
"o 2 . h[ . h h] (I1-tanh) "0 2 . h (1-tanh)
2sin—| sin-—-cos— sin—
2 2 2[sin—cos
h
2
-2 1 N7
= —,  —=4J2
-1 \/5
Limits using expansion
2 2 3 3
(@) a =142 ‘n ax €na+x éna+ ......... , a>0
1 2! 3!
2 3
(b) P TRA R SR
1 20 3l
2 3 4
(© /n (1+x) = x—X—+X——X—+ ......... , for—-1<x<1
2 3 4
3 5 7
(d) sinx:x——+X——X— .....
31 51 71
2 4 6
(e) cosx=1——+x——x—+ .....
21 41 6!
3 5
Q) tan x = x+X—+2i+ ......
3 15
(9) for|x|<1,neR;(1+x)“=1+nx+M e+ N0=D0=2) o o
1.2 1.2.3
1
(h) (1+x) *=e [1—5+%x2— ............. j
Example # 11: Evaluate : €irrgm#
X — X
3
tanX — X X+t Ex5 4 X 1
Solution : fim ——— = (im 3 153 ==
x—0 X x—0 X 3
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1

 (14+x)4-2
Example # 12 : Evaluate : (/im ——
X—2 X—-2
1 1 1
, . (14+x)a -2 _ (14+x)s-16* 1 1,01
Solution : fim —~ = f{im~——~, =2 164 = —
X2 X—2 x>2 (14+x)-16 4 32
X2
m(l+Xx)+osinx +— 1
Example # 13 : If /im > 2 == then find o.
x>0 xtan“ x 2
)(2 X2 X3 X3 X5 X2
gn(1+x)+a5|nx+7 X_7+?— ..... +a X_a"rg— ..... +7 1
Solution : ‘im > 2 = fim 5 = =
x>0 xtan® x x—0 3 tan® x 2
2
= a=-1
1
Example # 14 : Evaluate : /im e-(1+x)
x>0 tanx
1 2 e-e (1—;+ ...... j
Solution : bim EZEE0" _ i = fim x—>_ =&
x>0 tanx x>0 tanx x>0 tanx 2

e* —pcosx+ye™ _

Example # 15 : Find the values of o + 2 + 3y if fim< 2
x—0 Xtanx
X _ —X
Solution : m&e —B cosx+ye” _, 1)
x—0 Xtanx
at x — 0 numerator must be equal to zero
a-B+y=0 = B=a+y ... (2)
X _ —-X
From (1) & (2), im%& —(0*v) cosx+ye " _,
x—0 N tanx
X
x x> x3 x> x* x x> x°
o T+ —+—+—+...... —(+y)1-=+——...... +y|1-=+—————+.....
o2 3 2! 4l o2 3l
= /im =2
x—0 X2
xz((a_w+(a+y)+x(a—y)+ ..... j
. 3!
= /im =2
Xx—0 x2
Since R.H.S is finite,
a—-y=0 Loy, then%=2 a=1ltheny=1
From (2), B=a+y=1+1=2

So,a+23+3y=8

Limit when x »> «©
In these types of problems we usually cancel out the greatest power of x common in numerator and

. . . 1 L
denominator both. Also sometime when x — <, we use to substitute y = — and in this case y — 0*.
X
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. X
Example # 16 : Evaluate : /im cos
X— 0 X
Solution : fim gosx _ 0
X— X

Example # 17: Evaluate (im x.tanl
X

X—> 0

1
tan—
Solution : fim xtan= = fim —X =
X— o0 X X— o0
X
Example # 18 : Evaluate : ¢im 4x +83
X— o0 X_
3
4+—
Solution : dim XE3 _ gim X =g,
X—>o X — X—> 00 8
1-=2
X
2 —
Example # 19 : Evaluate /im 4)(—58
e X+ X7 +1
4 8
2 _ V3 5
Solution : fim 4)(—58: fim XX _ =0
or Tx+x> 4l oe 1,01
4 5
X X
. x-8
Example # 20 : Evaluate (im
e Jax® +x +1
Solution : Replace x by —t
8
I o SN |
t— o 2 t—> o 2
e a2 t11 © 4_%+%
t
Some important notes :
0 iim ™~ g (ii) fim = =0 iy  6m =0
X—0 X X—0 e X—0 e
_ _ (tnx)’ _
(iv) £im =0 (V) (im x(/nx)" =0
X—>0 X x—0"

As X — o, /n X increases much slower than any (positive) power of x where as e* increases much faster
than any (positive) power of x.

(vi) ¢im (1—h)»=0and /im (1+ h)"— oo, where h — 0*.

10 2
Example # 21 : Evaluate /im Tl

X—>0 ex
10 2
. . X +7X°+1
Solution : /im —— =0
X—0 eX

Limits of form 1<, 0°, oc®

(A) All these forms can be converted into % form in the following ways
€) Ifx > 1,y — o, thenz = (x)¥is of 1~ form
= mz=y/lnx
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nx (0 1
= Enz:%(a formj Asy—> oo > =-—>0and x—>1 = /nx—>0
= y
y
(b) Ifx > 0,y — 0, then z = x is of (0°) form
= mz=y/mMx = n z= % (g formj
fnx
(c) If X > o0,y — 0, then z = x¥is of («)° form
= mz=y/mMx = nz= % (% form)
nx
(B) (1)~ type of problems can be solved by the following method
1
(a) firro1 (1+x) x =e
(b) fim [f(xX)]9% ; where f(x) > 1; g(x) > asx —»>a
1 (F(0-D) gx)
) ot et ) 1 fimf(x)-1] g(x
= 4im |1+ f(x) - = /im 01 = e o
{im [1+£09 1] A | e (100 -1
2
_ x2 1 (¥*+)
Example # 22 : Evaluate /(im | —
oo | X2+ 3
Solution : Since it is in the form of 1~
2
x? -1 () (X -1-%x*-3),_, .
> =exp | lim| ———— (x +1) =e-
X°+3 X X +3
Example # 23 : Evaluate ¢im (tan x)tn2
xaz
/inr)[ (tanx—1)tan2x /inj((tanx—l)lf:::zxx
Solution : Since it is in the form of 1 so ¢im (tan x)="2 =g = e
xaz
tann/4
= e “trtanzia) — el= 1
e
tan ™%
) a 2a
Example # 24 : Evaluate /im [2——)
X—a X
tan %
) ) a 2a
Solution : Zim (2——] put x=a+h
X—a X
tan[£+th —cot[n—h] . nh h
2 2a 2a fim-cot— .| l+—— -1
= (im | 1+ — im 1+ =™ = S
h—0 (a+h) h—0 a+h
nh 2a
fim_|_2a_| =
h—0 tann—h “a+h 2
- e 2a = e T
Example # 25 : Evaluate /im (tanx)®™
x—>0"
Solution : Lety =/im (tanx)a™
x—0"
/n ! 1
— /ny= (im tanx /ntanx = (im — —@NX o —Sw =y=1
x—0" x—0" 1 tanx
tanx
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Sandwitch theorem or squeeze play theorem:

Suppose that f(x) < g(x) < h(x) for all x in some open interval containing a,

except possibly at x = a itself. Suppose also that ¥
h(x)

fimf(x) =¢ = fim h(x), i
X —>a X —>a

Then (¢img(x)=. ¢

X]+[4X] +[7X]+....+| (3n = 2)X
Example # 26 : Evaluate pim DA ]2 [(Bn—2)x]
n—w n
Solution : We know that, x —1 <[x] <x
4x — 1 < [4X] < 4x
Tx—1<[7x] < 7x

, Where [.] denotes greatest integer function.

.(3n - 2)X _ 1< [(.3n —-2)X] £ (3Bn - 2)x
(X+4x+7x+ ... +3Bn=2)X)—n<[x]+[4x] +.....
+H(Bn —2)X] £ (X + 4x + .... + nx)

n : n
= — Bn-1)x—-n< 3r-2)x]<— (3n-1)x

, Gn-1) ;[( WM< @Bn-1)

3n-1 - 3n-1

- (img( : )x-i < gim DIHEX 4 4@ -2)x] gimg( : )X

nosw 2 n n n—o n2 nowo 2 n
N 3x < fim [X]+[4X] +.... +[(Bn —2)X] < 3x

n—ow n2 2
sim [X]+[4X] +....+[(Bn—2)X] _ 3x
n—oo n2 2

Continuity & Derivability :
A function f(x) is said to be continuous at x = ¢, if Limit f(x) =f(c)
ie. fis continuous at x = ¢
if Limit f(c — h) = Limit f(c+h) = f(c).
h—0* h—0*

If a function f (x) is continuous at x = ¢, the graph of f (x) at the corresponding point ( ¢, f(c)) will not be
broken. But if f(x) is discontinuous at x = ¢, the graph will be broken when x = ¢

EE eSS

(i) (ii) (iii) (iv)
((i), (ii) and (iii) are discontinuous at x = c)
((iv) is continuous at x = c)

A function f can be discontinuous due to any of the following three reasons :

() inTcit f(x) does not exist i.e. Limit f(x) # Limit f (x) [figure (i)]
(i) f(x) is not defined at x = ¢ [figure (ii)]
(iii) inmcit f(x) = f (c) [figure (iii)]

Geometrically, the graph of the function will exhibit a break at x= c.
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Example # 27 : If f(x) :{

Solution :

cos2nx , x<1 . . .
& < , then find whether f(x) is continuous or not at x = 1, where
[X] , x>1

[ .]is greatest integer function.

cos2nx , X<1
f)=1{

[x] , Xx=>1
For continuity at x = 1, we determine f(1) , lim f(x) and lim f(x).
x—>1" x—1"

Now, f(1)=[1]=1
lim f(x) = limcos 2nx=cos2n =1
x->1" x->1"
and Iim f(x) = lim [x]=1
x—1" x—1"
SO f(1) = lim f(x) = lim f(x)=1
x->1" x—-1"

f(x) is continuous at x = 1

Self practice problems :

(12)

(13)

AnNs.

If possible find value of A for which f(x) is continuous at x = g
1-sinx T
_ X< —
1+ cos2x 2
T
f(x) = Y , X==
() >
2
(2x—m) .
tan2x 2

Find the values of p and g such that the function

X +p sinx i 0<4x<m
f(x) = 2xcotx +q i m<4x<2m s continuous at x = %and X = g
p ; .
—=cCco0s2x—(gsinXx ; 2n<4x<4n
2
. . s -7
(12) discontinuous (13) p=—F=,0= —
32 12

Theorems on continuity :

@

(ii)

(iii)

If f & g are two functions which are continuous at x = ¢, then the functions defined by:
F.(x) =f(x) £g(x); F,(x) = Kf(x), Kis any real number ; F,(x) = f(x).g(x) are also continuous at

x = c. Further, if g (c) is not zero, then F,(x) = % is also continuous at X = c.
o(x
If f(x) is continuous & g(x) is discontinuous at x = a, then the product function

® (x) = f(x). g(x) may or may not be continuous but sum or difference function ¢ (x) = f(x) = g(x)
will necessarily be discontinuous at x = a.

sink x=#0
eg.f(X)=x&g(x) = X
g.f(x) g(x) {o <=0

If f (x) and g(x) both are discontinuous at x = a, then the product function ¢ (x) = f(x). g(x) is not
necessarily be discontinuous at x = a.
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, >0
ca.t=a0= | | <70

and atmost one out of f(x) + g(x) and f(x) — g(x) is continuous at x = a.

Example # 28 : If f(x) = [sin(x—1)] — {sin(x—1)}. Comment on continuity of f(x) at x = g+1

(where [ . ] denotes G.1.F. and { . } denotes fractional part function).
Solution : f(x) = [sin (x — 1)] — {sin (x — 1)}
Letg(x) =[sin (x—1)] +{sin (x - 1)} = sin(x—-1)

which is continuous at x = g+ 1

as [sin (x — 1)] and { sin (x — 1)} both are discontinuous at x = g +1

At most one of f(x) or g(x) can be continuous at x :g +1

As g(x) is continuous at x = g + 1, therefore, f(x) must be discontinuous

Alternatively, check the continuity of f(x) by evaluating lim f(x) and f. (g+1j
x—Z41
2

Continuity of composite functions :

If f is continuous at x = ¢ and g is continuous at x = f(c), then the composite g[f(x)] is continuous at

Xsinx . . .
X = c. eg. f(x) = 25 > & g(x) = ‘x‘ are continuous at x = 0, hence the composite function
X° +
xsinx| . .
(gof) (x) = | > will also be continuous at x = 0.
X° +

Self practice problem :
1

1+8x° , x<O0 (2x-1° , x<0
(14) fx)=4 -1 , x=0 and g(x)= 1 , x=0
4x* -1 , x>0 $2x+1 , x>0

Then define fog (X) and comment on the continuity of gof(x) at x = 1/2
16x-7 ; x<0

Ans. [fog(x) = 3 ;X =0and gof(x) is discontinous at x = 1/2]
8x+3 ,; x>0
Continuity in an Interval :
(a) A function f is said to be continuous in (a, b) if f is continuous at each & every point €(a, b).
(b) A function f is said to be continuous in a closed interval [ a, b] if:
0] fis continuous in the open interval (a, b),
(i) fis right continuous at ‘a’ i.e. Limit f(x) = f(a) = a finite quantity and

(iii) fis left continuous at ‘b’ i.e. Limit f(x) = f(b) = a finite quantity.
x—b~

(c) All Polynomial functions, Trigonometrical functions, Exponential and Logarithmic functions are
continuous at every point of their respective domains.
On the basis of above facts continuity of a function should be checked at the following points

(@ Continuity of a function should be checked at the points where definition of a function
changes.
(i) Continuity of {f(x)} and [f(x)] should be checked at all points where f(x) becomes integer.

(iii) Continuity of sgn (f(x)) should be checked at the points where f(x) = 0 (if f(x) = 0 in any
open interval containing a, then x = a is not a point of discontinuity)
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Limits, Continuity & Derivability

(iv) In case of composite function f(g(x)) continuity should be checked at all possible points of
discontinuity of g(x) and at the points where g(x) = ¢, where x = ¢ is a possible point of
discontinuity of f(x).

2X 0<x<1
Example # 29: Iff(x) = [2x] = , Where { . } represents fractional part function and
{3x}sgn(-x) 1<x<2
[ .]is greatest integer function, then comment on the continuity of function in the interval [0, 2].
Solution : The given function is
0 0<x< 1
2
1 E <x<1
2
4
3(1-x) 1<x<—
F(x) = (1-x) 3
4 —3x 4 <X< >
3 3
5-3x > <x<2
3
0 X=2
so discontinous at x = 1/2, 1,4/3, 5/3, 2
X+3 1 . L
Example # 30 : If f(x) = 1 and g(x) = 3’ then discuss the continuity of f(x), g(x) and fog (x).
X— X —
Solution : i) = X3
x-1
f(x) is a rational function it must be continuous in its domain
and f is not defined at x =1
fis discontinuous at x = 1
1
X)= ——
90 = —
g(x) is also a rational function. It must be continuous in its domain and g is not defined at
x=3
g is discontinuous at x = 3
Now fog (x) will be discontinuous at
0) x=3 (point of discontinuity of g(x))
(ii) gx)=1 (when g(x) = point of discontinuity of f(x))
if gx)=1 :i =1 = Xx=4
discontinuity of fog(x) should be checked atx =3 and x =4
atx=3
X3 ! 3 +1
ng (X) = 1—_
x-3
fog (3) is not defined
1
+1 1+x-3
IXiLn3 fog (x) = lein3 % = lim T x13 =1 .. fog (x) is discontinuous at x = 3
x-3
fog (4) = not defined
lim fog (x) =«
X—4"
lim fog (X) = —0 fog (x) i s discontinuous at x = 4.
X—4"
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Limits, Continuity & Derivability

Self practice problem :

m x] . sgn|ix—=¢|; 1<x<3 ) . .
(15) If f(x) = ! ] g ({ 2}] < . Find the pointswhere the continuity of f(x),
x} ; 3<x<35
should be checked, where [ . ] is greatest integer function and {.} fractional part function.

Ans. {1,%,2,&3,\/1_0,\/1_1,\/1_2,3.5}

Intermediate value theorem :
A function f which is continuous in [a,b] possesses the following properties:
() If f(a) & f(b) possess opposite signs, then there exists at least one solution of the equation
f(x) = 0 in the open interval (a, b).

(i) If K is any real number between f(a) & f(b), then there exists at least one solution of the
equation f(x) = K in the open interval (a, b).

Example # 31: Prove that the equation 3(x —1) (x—-2) +4(x+ 1) (x—4)=0
will have real and distinct roots.

Solution : 3x-1)(x-2)+4(x+1)(x-4)=0
fx)=3(x-1) (x=2)+4(x+1)(x—4)
f(-1) =+ ve
f(1) = -ve N\ 1 2/ 4
f(2) = —ve
f(4) = +ve

hence 3(x —1) (x—2) +4(x +1) (x—4)=0
have real and distinct roots

Self practice problem :

(16) If f(x) = x¢nx — 2, then show that f(x) = 0 has exactly one root in the interval 1, e).
Example # 32: Let f(x) = Lim —— , then find f (Ej and also comment on the continuity at x = 0
n->» 1+nsin® X 4
Solution : Let f(x) = lim

= 14+ nsin® x
f (EJ = Jim ———— =lm —* =0
4 " 14n st " 140 (j
4 2

Now

f(0) = lim _12 -1 =1 = limf(x) = lim Iim;_2 =0
= n . sin“(0)+1 1+0 x—0 x=0 | no>el4n sin® X

{here sin?x is very small quantity but not zero and very small quantity when multiplied with
o becomes o}

o f(x) is not continuous at x = 0

Self practice problem :
1

(a7) If f(x) =Lim (1 + x)". Comment on the continuity of f(x) at x = 0 and explain Lirg 1+x)r =e .

Ans. Discontinous (non-removable)

Example # 33: f(x) = minimum (2 + cos t, 0 <t < x), 0 < x < 2r discuss the continuity of this function at x=n

Solution : f(x) = minimum (2 + cost, 0 <t<x),0<x<2n
2+cosx 0=<x<
F(x) = + T
1 T<X<2n
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Limits, Continuity & Derivability

which is continuous at X = m2 n  3n2 2n

f(x)

w2 n 3wz 2z %

Differentiability of a function at a point :

@ The right hand derivative of f(x) at x = a denoted by f’(a*) is defined by:
R.H.D. = f’(a*) = Limit f(‘“:ﬂ , provided the limit exists.
h—0*
(i) The left hand derivative of f(x) at x = a denoted by
f’(a’) is defined by:
L.H.D. =f’ (a") = Limit fla-h-f(a)
h—0* —h
A function f(x) is said to be differentiable at x = a if f'(a*) =f' (a”) =finite
f(a+h)-f(a)
h

, provided the limit exists.

By definition f '(a) = Limit
h—0*

2x+3, x<1
Example#34: Comment on the differentiability of f(x) :{4 2 4 ; atx = 1.
X =1, x=

Solution : R.H.D. =f (1*)= Limit

h—0*

fa+h) -1 _g
S

L.H.D. = f/(1-)= Limit &)h_f(l) =2
h—0' —

As L.H.D. # R.H.D. Hence f(x) is not differentiable at x = 1.

ax+b , x<-1 . . .
Example#35: If f(x) = 5 , then find a and b so that f(x) become differentiable at x = —1.
ax>+x+2b , x>-1
Solution : —a +b=-a-1+ 2b using continuity
= b=1

f'(x):{ a , X<-1

3ax?+1 , x>-1

a=3a+1 = aZ—%

. 3n
sin—x], x<
[ > ]

Example#36: If f(x) = , then comment on the derivability at x = 1,

2{x}-1, x>1
where [ . ] is greatest integer function and {.} is fractional part function.
{singzn(l— h)} ‘1

= lim =0

h—0* —-h

Solution:  f(1) = lim &)h‘f(l)
—-0" —
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Limits, Continuity & Derivability

F(17) = lim fa+h) -0 _ lim 21+h}p+1-1 _ lim zh _,
h—0 h h—o0 h h>o" h
(1) = (1)

f(x) is not differentiable at x = 1.

Self Practice Problems :

[ﬁ}+£+2, X < 3
3

{5}+3, X >3
3

x = 3, where [ . ] is greatest integer function and {.} is fractional part function.

(18) If f(x) = , then comment on the continuity and differentiable at

(19)

P
If f(x) = {xsm Ux x#0 , then comment on the derivability of f(x) at x = 0.

0, x=0

Ans. (18) Discontinuous and non-differentiable at x = 3
(29) non-differentiable at x = 0

Concept of tangent and its association with derivability :

Note :

Tangent :- The tangent is defined as the limiting case of a chord or a secant.

fla+h)-f(a) y Q(a + hf(a+h)

slope of the line joining (a,f(a)) and (a + h, f(a + h)) = -

H H X
a (a+h)

Slope of tangent at P = f'(a) = Lim w 0’

The tangent to the graph of a continuous function f at the point P(a, f(a)) is

0) the line through P with slope f'(a) if f'(a) exists ;

(ii) the line x = a if L.H.D. and R.H.D. both are either o« or — oo.

If neither (i) nor (ii) holds then the graph of f does not have a tangent at the point P.
In case (i) the equation of tangent is y — f(a) = f'(a) (x — a).

Incase (ii)itisx=a

(@ tangent is also defined as the line joining two infinitesimally close points on a curve.

(i) A function is said to be derivable at x = a if there exist a tangent of finite slope at that point.
f'(a*) = f'(a’) = finite value

(iii) y = x® has x-axis as tangent at origin.

(iv) y = |x| does not have tangent at x =0 as L.H.D. # R.H.D.

Example#37: Find the equation of tangenttoy = (x)**atx =1 and x = 0.

Solution : At x = 1 Here f(x) = (x)**
_ _ _h\Y/3 _
LHD=f(1) = lim fa-m-f@ _ , @&=mW-"-1 _1
h—0* —h h—0* — 3
- 13 _
RH.D. =f(19) = lim a+m-f@ _ , Gh7-1 _ 1
h—o0* h h—o0* 3
1

AsR.H.D.=L.H.D. = 3

/\
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slope of tangent = % y—f(1) = % x-1)
1
-1== (x-1
y 3 (x-1)
= 3y —x =2istangent to y = x*3at (1, 1)
Atx=0
_hY/3 _
LHD. =f(0) = tim O=M =0 _,
h—0" _h
13 _
RH.D. =(0%) = lim (O”‘)TO — 4o
h—0*

As L.H.D. and R.H.D are infinite. y = f(x) will have a vertical tangent at origin.
x = 0 is the tangent to y = x* at origin.

Self Practice Problems :
(20) If possible find the equation of tangent to the following curves at the given points.

() y=x3+3x2+28x +1latx=0.
(ii) y=(x—28)*atx=8.
Ans. 0] y=28x+1 (ii) x=8

Relation between differentiability & continuity:

0] If f'(a) exists, then f(x) is continuous at x = a.
(i) If f(x) is differentiable at every point of its domain of definition, then it is continuous in that
domain.

Note : The converse of the above result is not true i.e. "If 'f' is continuous at x = a, then 'f' is differentiable at
X = ais not true.
e.g. the functions f(x) =| x — 2| is continuous at x = 2 but not differentiable at x = 2.

If f(x) is a function such that R.H.D =f'(a*)=¢ and L.H.D. =f'(a) =m.

Case -1

If £ = m = some finite value, then the function f(x) is differentiable as well as continuous.

Case-1I

if £ = m = but both have some finite value, then the function f(x) is non differentiable but it is continuous.
Case - III

If at least one of the ¢ or m is infinite, then the function is non differentiable but we can not say about
continuity of f(x).

1 IR
: : g
1 1 1
2 — N —
0) (i) (iii)
continuous and differentiable continuous but not differentiable neither continuous nor differentiable
Example#38: If f(x) is differentiable at x = a, prove that it will be continuous at x = a.

Solution : f'(a*) = h|im w =y
—0"

lim  [f(a+h) - f(2)] = h

@)

as h— 0 and /s finite, then lim f(a+h)—f(a)=0
h—0*
= hIim f (a+h) =f(a).
—0"

Similarly im [f(a-h)}-f@]=-ht = lm fa-h)=f(a)
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Limits, Continuity & Derivability

~ lim f(a+h)=f(@) = lim fla-h)
h—0" h—0"

Hence, f(x) is continuous.

n+x2sgnx]+{x—-4}, —2<x<2

) If f(x) = , comment on the continuity and differentiability
n—-sin(X+m)+|x-3|, 2<x<6

Example#39: {

of f(x), where [ . ] is greatest integer function and {.} is fractional part function, at x = 1, 2.
Solution : Continuity atx = 1
Iim fx)= Iim (x+x2sgn[x]+{x—-4})=1+n=n
x —>1"

x—1"

lim f(x) = lim (x+x2sgn[x]+{x—4})
x—>1 X—>1
=lsgn(0)+1+n=1+n

f(l) =1+n
L.H.L = R.H.L =f(1). Hence f(x) is continuous at x = 1.

Now for differentiability,

R.H.D.=f(19) = lim &g_f@
h—0"

I h)?sgn[l+h] +{1+h—-4} -1-x

h—0* h
. (A+h¥?*+h-1_ _  1+h*+2h+h-1 _ . h*+3h _
im ~———— == |im ——————= = |im —— =3
h—0* h—0" h h—0* h
2
and LH.D. =f(1) = lim —f(l_h)h‘f(l) jim == sg”[lgh]”_h_l_”:l
h—0* —| h—0* |

= f'(17) = f'(1).

Hence f(x) is non differentiable at x = 1.

Now at x=2

Iinz'[ f(x) = Iirgﬁ (m+x®sgn[X]+{x—-4})=n+4.1+1 =5+nx

lim f(x) = lim (x+sinx +[x —3[) = 1 + 7+ sin 2
x—2" x—2"

Hence L.H.L = R.H.L
Hence f(x) is discontinuous at x = 2 and then f(x) also be non differentaible at

X=2.
Self Practice Problem :
e x| -1
(22) If f(x) = [xX] + {2x} , comment on the continuity at x = 0 and differentiability at
1/2 x=0

x =0, where [ . ] is greatest integer function and {.} is fractional part function.

Ans. discontinuous hence non-differentiable at x = 0
Differentiability of sum, product & composition of functions :

(@ If f(xX) & g(x) are differentiable at x = a, then the functions f(x) £ g(x), f(x). g(x) will also be
differentiable at x = a & if g (a) # 0, then the function f(x)/g(x) will also be differentiable at x = a.

(i) If f(x) is not differentiable at x = a & g(x) is differentiable at x = a, then the product function
F(x) =f(x) . g(x) can still be differentiable at x = a
e.g. f(x) = |x| and g(x) =x2.

(iii) If f(x) & g(x) both are not differentiable at x = a, then the product function
F(x) = f(x) . g(x) can still be differentiable at x = a e.g. f(x) = x| & g(x) = |x|.

(iv) If f(x) & g(x) both are non-differentiable at x = a, then the sum function F(x) = f(x) + g(x) may be
a differentiable function. e.g. f(x) = x| & gx) = - x|
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Limits, Continuity & Derivability

Example#40: Discuss the differentiability of f(x) = x + |x|.
y

VZX

Solution : ) %

Non-differentiable at x = 0.
Example#41: Discuss the differentiability of f(x) = x|x|

2 >
Solution : f(x) = { X L x>0

ux
7

Differentiable at x =0

Example#42: If f(x) is differentiable and g(x) is differentiable, then prove that f(x) . g(x) will be differentiable.
Solution : Given, f(x) is differentiable

ie. lim w = f'(a)

h—0*

g(x) is differentiable

ie. hIin} w =g'(a)

let p(x) = f(x) . g(x)

p(a+h)—p(a) f(a+h).gla+h)—f(a).g@)

Now, hlin} " hlin} -
lim f(a+h)g(a+h)+f(a+h).g(@)-f(a+h).g(@)—f(a).g(a)
h—0" h

lim [f(a+h) (9 (;Hh)—g(a)) L9 (a)(f(agh) —f(a))}

lim, [f(a +), 92N 0@ hz —9@) | o). 2N -T@) hz - f(a)}
=f(a).g'(a) +g(a) f'(a) =p'(a)
Hence p(x) is differentiable.

2x-1 , X<0
Example#43: If f(x) = {2 2 4 0 then comment on the continuity and differentiability of g(x) by
XS —4x , X2

drawing the graph of f(|x|) and, |f(x)| and hence comment on the continuity and differentiability
of g(x) = f(Ix[) + [f(x)I.

yAN

Solution :

A

Graph of f(|x|) and |f(X)]
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Limits, Continuity & Derivability

y=FE(IX) A y=[f(x)|

~

1
[ 2 -2

If f(]x]) and [f(x)| are continous, then g(x) is continuous. At x = 0 f(|x]) is continuous, and [f(X)| is
discontinuous therefore g(x) is discontineous at x = 0.
g(x) is non differentiable at x = 0, 2 (find the reason yourself).

Differentiability over an Interval :

Note :

Example#44 : If f(x) =

Solution :

f (x) is said to be differentiable over an open interval if it is differentiable at each point of the interval and
f(x) is said to be differentiable over a closed interval [a, b] if:

0] for the points a and b, f '(a*) and f '(b-) exist finitely

(i) for any point c such that a <c < b, f'(c*) & f'(c") exist finitely and are equal.

All polynomial, exponential, logarithmic and trigonometric (inverse trigonometric not included) functions
are differentiable in their domain.

Graph of y = sin-! 12 Graph of y = sin-t x.
+

/2

"2 I/\ -1 ,

. ) 1
-1 1

-n/2 /2

Non differentiable atx =1 & x=-1 Non differentiable atx =1 &x=-1

Derivability should be checked at following points

0) At all points where continuity is required to be checked.
(ii) At the critical points of modulus and inverse trigonometric function.
2x+Z [sin27x] , Osx<1
3 2

, find those points at which continuity and

([4x] +{§D.sgn(2x—gj , %g X <1

differentiability should be checked, where [ . ] is greatest integer function and {.} is fractional
part function. Also check the continuity and differentaibility of f(x) at x = 1/2.

2x+Z [sin2nX] , 0§x<1
3 2

f(x) =
[[4X]+ED-SQH[2X —%j , % <x<1

The points, where we should check the continuity and
differentiability are x = 0, ll , 1 , E § 1

43 2 3 4
Atx =1/2

/\
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LHL = Ilim f(x)= lim {2x+g} [sin2nx] =0
_ 1

X—>= X—>=

R.H.L.= lim f(x)= lim [4x]sgn {Zx—i} =2(-1) =-2
1" 1" 3

><—>E x—>5
L.H.L # R.H.L. hence f(x) is discontinuous at x = 1/2 and hence it is non diffferentiable
atx =1/2.
Self Practice Problems:
X+1 1-x . -
(22) If f(x) = > + — | -3 <x <5, then draw its graph and comment on the continuity and

differentiability of f(x), where [ . ] is greatest integer function.

|4x% +6x+3| , —2<x<-1

, then draw the graph of f(x) and comment on the
[x? +2X] , -1<x<0

(23)  Iff(x) :{

differentiability and continuity of f(x), where [ . ] is greatest integer function.
Ans. (22) f(x) is discontinuous at x = -3, -1, 1, 3, 5 hence non-differentiable.
(23) f(x) is discontinuous at x = -1, 0 & non differentiable at x = -1, 0.
Problems of finding functions satisfying given conditions :

Example#45: If f(x) is a function satisfies the relation for all x, y € R, f(x + 2y) = f(x) + f(2y) and if f'(0) = 3 and
function is differentiable every where, then find f(x).

f(x+2h)  f(x) _ f(x) + f(2h) — f(x) — f(0)

Solution : f(x) = hILT h hILT h (- f(0)=0)
_ i 12N -f0) _ o) = : _
= im SES2=1(0) 210923 = jf(x) dx_I3 dx
f(x) =3x+c
f(0)=2.0+c as f(0)=0
c=0 f(x) = 3x

Example#46: f(x + a) = f(x) . f(a) V X, o € R and f(x) is a differentiable function and f'(0) = 1/3, f(x) = 0 for
any x. Find f(x)
Solution : f(x) is a differentiable function
f(x+h)—f(x) _ im f(x).f(h) — f(x).f(0)
h

s () = lim lim "

h—0*

I (SN ({() R (%) I S T
= Jim SRS = 00.F(0) =100 < P09 =109 - jm dx = .[de

:>énf(x)=§ +c../1l=0+c=c=0 .. énf(x)=§ = f(x) = ex3

(- f(0) = 1)

Example#47: 3f (X;yj: f(x) + f(y) V x, y € R and f(0) = 4 and '(0) = 2 and function is differentiable for

f(3x+3hj_f[3x+3.0j
, 3 3
= lim

h—0 h
f(3h) —f(O) - f,(X) =2
h—0 3h

f'X)=2 =>fX)=2x+c=>c=4=f(x)=2x+4

all x, then find f(x).

Solution : f'(x) = lim

f(x+h) —f(x)
h
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Limits, Continuity & Derivability

Self Practice Problem:
(24) f (ij = f(x) - f(y) V x,y € Rand f'(1) = 1, then show that f(x) = /nx.
y

Result of Some Known Functional Equation :-
Let x, y are independent variables and f(x) is differentiable function in its domain :
0] Iff(xy) =f () +f(y) VX, y € R*, thenf(x) =k Inx or f (x) = 0.
(i) If f(xy) =f (x). f (y) V X,y € R, then f(x) =xK, k e R
(iii) If f(x+y) =f(x). f(y) VX, ¥ € R, then f(x) = akx.
(iv) Iff(x +y)=f(X) +f(y) V X,y € R, then f(x) = kx,
where k is a constant in all four parts.
Example #48 : If f(x) is a polynomial function satisfying f(x) . f(ij =f(x) + f (1] vV x e R-{0}and f(2) =9,
X X

then find f (3)
Solution : f(x) =1+ x"
Asf(2)=9 fx)=1+x3
Hence f(3) =1+ 33=28
Self practice problems
(25) If f(x) is a polynomial function satisfying f(x) . f [lj = f(x) + f [Ejv x e R-{0} and
X X
f(3) = - 8, then find f(4)
(26) If f(x +y) = f(x) . f(y) for all real x, y and f(0) = 0, then prove that the function, g(x) = 1 fi)z(z ) i
+f7(x

an even function.
Ans. (25) -15

_ _ 2
Example#49: Evaluate Llrrg o gh)hf(OHh ),if fi(a) = 2

Solution : lim
h—0

[f(oc—Qh)—f(loz)

(-9h—h?)h j-(—9h—h2) = lim f(o) . (-9-h)=2x-9=-18

Self Practice Problems :
(27) If f(x) and g(x) are differentiable, then prove that f(x) £ g(x) will be differentiable.
f(3+h)—f(3+sinh)
h.tan’h '

(28) If f'(3) = 12, then find the value of Ling

Ans.  (28) 2
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